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Abstract

Systems in volvin g q u an tisation arise in man y areas of en g in eerin g , esp ec ially wh en d ig ital imp lemen -

tation s are in volved . I n th is th esis we c on sid er d ifferen t asp ec ts of q u an tisation in feed b ac k c on trol

systems. We stu d y two top ic s of in terest: (a) q u an tisers th at q u ad ratic ally stab ilise a g iven system an d

are effi c ien t in th e u se of th eir q u an tisation levels an d ( b ) th e d erivation of u ltimate b ou n d s for p ertu r b ed

systems, esp ec ially wh en th e p ertu r b ation s arise from th e u se of q u an tisers.

I n th e fi rst p art of th e th esis we ad d ress p rob lem (a) ab ove. We c on sid er q u ad ratic stab ilisation

of d isc rete-time mu ltip le- in p u t systems b y mean s of q u an tised static feed b ac k an d we measu re th e ef-

fi c ien c y of a q u an tiser via th e c on c ep t of q u an tisation d en sity. I n tu itively, th e lower th e d en sity of a

q u an tiser is, th e more sep arated its q u an tisation levels are. We th u s d eal with th e p rob lem of op timisin g

d en sity over all q u an tisers th at q u ad ratic ally stab ilise a g iven system with resp ec t to a g iven c on trol

Lyap u n ov fu n c tion . M ost of th e availab le resu lts on th is p rob lem treat sin g le- in p u t systems, an d th e

on es th at d eal with th e mu ltip le- in p u t c ase c on sid er on ly two-in p u t systems. In th is th esis, we d erive

several n ew resu lts for mu ltip le- in p u t systems an d also p rovid e an altern ative ap p roac h to d eal with th e

sin g le- in p u t c ase. O u r n ew resu lts for mu ltip le- in p u t systems in c lu d e th e d erivation of th e str u c tu re of

op timal q u an tisers an d th e ex p lic it d esig n of mu ltivariab le q u an tisers with fi n ite d en sity th at are ab le

to q u ad ratic ally stab ilise systems h avin g an arb itrary n u mb er of in p u ts. For sin g le- in p u t systems, we

p rovid e an altern ative ap p roac h to th e an alysis an d d esig n of op timal q u an tisers b y estab lish in g a lin k

b etween th e sep aration of th e q u an tisation levels of a q u an tiser an d th e siz e of its q u an tisation reg ion s.

I n th e sec on d p art of th e th esis we ad d ress p rob lem (b ) ab ove. I n th e p resen c e of p ertu r b ation s,

asymp totic stab ilisation may n ot b e p ossib le. H owever, th ere may ex ist a b ou n d ed reg ion th at c on tain s

th e eq u ilib r iu m p oin t an d h as th e p rop erty th at th e system trajec tories c on verg e to th is b ou n d ed reg ion .

Wh en th is b ou n d ed reg ion ex ists, we say th at th e system trajec tories are u ltimately b ou n d ed , an d th at

th is b ou n d ed reg ion is an u ltimate b ou n d for th e system. T h e siz e of th e u ltimate b ou n d q u an tifi es th e

p erforman c e of th e system in stead y state. H en c e, it is imp ortan t to d erive u ltimate b ou n d s th at are as

tig h t as p ossib le. T h is p art of th e th esis ad d resses th e p rob lem of u ltimate b ou n d c omp u tation in settin g s

in volvin g several sc alar q u an tisers, eac h h avin g d ifferen t featu res. We c on sid er eac h q u an tised variab le

in th e system to b e a p ertu r b ed c op y of th e c orresp on d in g u n q u an tised variab le. T h is tu r n s th e orig in al
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q u an tis ed s y s tem in to a p ertu r b ed s y s tem , w h ere th e p ertu r b atio n h as a n atu ral componentwise b o u n d .

M o reo ver, ac c o r d in g to th e ty p e o f q u an tis er em p lo y ed , th e p ertu r b atio n b o u n d m ay d ep en d o n th e

s y s tem s tate. Ty p ic al m eth o d s to es tim ate u ltim ate b o u n d s are b as ed o n th e u s e o f Ly ap u n o v fu n c tio n s

an d u s u ally req u ire a b o u n d o n th e n o r m o f th e p ertu r b atio n . A p p ly in g th es e m eth o d s in th e s ettin g

c o n s id ered h ere m ay d is regard im p o r tan t in f o r m atio n o n th e s tr u c tu re o f th e p ertu r b atio n b o u n d . We

th erefo re d erive u ltim ate b o u n d s o n th e s y s tem s tates th at exp lic itly tak e ac c o u n t o f th e c o m p o n en tw is e

s tr u c tu re o f th e p ertu r b atio n b o u n d . Th e u ltim ate b o u n d s d erived als o h ave a c o m p o n en tw is e f o r m , an d

c an b e s y s tem atic ally c o m p u ted w ith o u t h avin g to , f o r exam p le, s elec t a s u itab le Ly ap u n o v fu n c tio n f o r

th e s y s tem . Th e res u lts o f th is p ar t o f th e th es is , th o u gh m o tivated b y q u an tis ed s y s tem s , ap p ly to m o re

gen eral p ertu r b atio n s , n o t n ec es s arily aris in g fr o m q u an tis atio n .



Notation

, Definition.

‖·‖
2

E u c lid ean norm of a vec tor and c orres p ond ing ind u c ed norm of a m atrix.

‖·‖
∞

Infinity norm of a vec tor and c orres p ond ing ind u c ed norm of a m atrix.

] Dis joint u nion.

# N u m b er of elem ents ( c ar d inality ) of a s et.

η(q) Q u antis ation d ens ity of a q u antis er q.

λm a x (·) M axim u m eig envalu e of a real s y m m etric m atrix.

λm in (·) M inim u m eig envalu e of a real s y m m etric m atrix.

ρ(M) S p ec tral rad iu s of th e s q u are m atrix M , th at is , m axim u m over th e m ag nitu d e

of th e eig envalu es of M .

0n×m n × m m atrix w ith z ero entries .

1n n- d im ens ional c olu m n vec tor w ith all c om p onents eq u al to 1 .

bbc G reates t integ er not g reater th an b.

dbe Leas t integ er not les s th an b.

C S et of c om p lex nu m b ers .

C A Q S C oars e A lm os t Q u ad ratic ally S tab ilis ing .

C LF C ontrol Ly ap u nov F u nc tion.

d ia g (λ1, . . . , λn) Diag onal m atrix w ith m ain-d iag onal entries λ1, . . . , λn.

In n × n id entity m atrix.

Im (M) R ang e of a m atrix M .

LTI Linear Tim e-invariant.

m a x {x, y} C om p onentw is e m axim u m of vec tors x and y.

|M | E lem entw is e m ag nitu d e of a m atrix M w ith ( p os s ib ly ) c om p lex entries . Th at

is , if M h as entries Mi,j , th en |M | is th e m atrix w ith entries |Mi,j |.



xvi N o tatio n

M ≺ N S et o f c o m p o n en tw is e in eq u alities Mi,j < Ni,j f o r i = 1, . . . ,m, j =

1, . . . , n, w h en M,N ∈ R
m×n.

M � N S et o f c o m p o n en tw is e in eq u alities Mi,j ≤ Ni,j , f o r i = 1, . . . ,m, j =

1, . . . , n, w h en M,N ∈ R
m×n.

M � N S et o f c o m p o n en tw is e in eq u alities Mi,j > Ni,j f o r i = 1, . . . ,m, j =

1, . . . , n, w h en M,N ∈ R
m×n.

M � N S et o f c o m p o n en tw is e in eq u alities Mi,j ≥ Ni,j , f o r i = 1, . . . ,m, j =

1, . . . , n, w h en M,N ∈ R
m×n.

n m o d N R em ain d er o f d ivid in g n b y N (n ∈ Z+,0, N ∈ Z+) .

Q S Q u ad ratic ally S tab ilis in g.

q, q̃, q̄, q̊ Q u an tis er s .

R S et o f real n u m b er s .

R
n
+ S et o f vec to r s in R

n w ith p o s itive c o m p o n en ts .

R
n
+,0 S et o f vec to r s in R

n w ith n o n n egative c o m p o n en ts .

R
n×m
+ S et o f m atr ic es in R

n×m w ith p o s itive en tr ies .

R
n×m
+,0 S et o f m atr ic es in R

n×m w ith n o n n egative en tr ies .

Re (M) E lem en tw is e real p art o f a m atrix M . Th at is , if M h as en tr ies Mi,j , th en

Re (M) is th e m atrix w ith en tr ies Re (Mi,j).

T Tran s p o s e.

T k I teratio n o f a m ap T : R
n → R

n, T k(x) = T (T k−1(x)), f o r k = 1, 2, . . ., an d

T 0(x) , x.

U(q) R an ge o f a q u an tis er q.

V (·) C o n tr o l Ly ap u n o v fu n c tio n .

Z I n tegers .

Z+ P o s itive in tegers .

Z+,0 N o n n egative in tegers .



Chapter 1

Intro d u c tio n

1.1 Q u a n t is a t io n in Fe e d b a c k C o n t r o l

The term “ q u an tisation ” refers to the restr ic tion of a variab le to a d isc rete set of valu es rather than a

c on tin u ou s set of valu es. There are several reason s why q u an tisation n eed s to b e c on sid ered in feed -

b ac k c on trol system s. For ex am p le, sin c e c on trollers are u su ally im p lem en ted d igitally, sign als that tak e

valu es in a c on tin u ou s set n eed to b e rep resen ted with fi n ite p rec ision to allow d igital in form ation p ro-

c essin g in fi n ite tim e ( Å str ö m an d Witten m ark , 1 9 9 7 ) . I n ad d ition , sen sors m ay p rod u c e an ou tp u t that

in d ic ates on ly whether the valu e of the m easu red sign al lies within som e ran ge. The n u m b er of d ifferen t

ran ges that the sen sor c an d istin gu ish m ay b e severely lim ited in som e c ases. A p rim e ex am p le of the

latter situ ation is p rovid ed b y the ex hau st gas ox ygen sen sor u sed for air- to-fu el ratio c on trol in au to-

m otive system s (see, for ex am p le, G r iz z le et al., 1 9 9 1 ) . Fu r ther m otivation for c on sid erin g q u an tisation

in feed b ac k c on trol system s is the rec en t b oom of in terest in n etwork ed c on trol system s ( R aji, 1 9 9 4 ;

Z han g et al., 2 0 0 1 ; Walsh an d Ye, 2 0 0 1 ) . These system s are c harac terised b y the fac t that c on trollers

an d p lan ts are in ter c on n ec ted over a d igital c om m u n ic ation n etwork , m ak in g q u an tisation essen tial in

ord er to tran sm it in form ation am on g d ifferen t p ar ts of the system .

The an alysis of the effec ts of q u an tisation in feed b ac k c on trol system s b egan as early as in the

1 9 5 0 s, as evid en c ed b y the work of K alm an ( 1 9 5 6 ) . K alm an ’s work was aim ed at stu d yin g the effec ts of

n on lin earities on sam p led - d ata system s. Althou gh the word s quantiser or quantisatio n d o n ot ex p lic itly

ap p ear in this work , the effec t of in c lu d in g an id eal relay —on e of the sim p lest form s of q u an tiser—

in a sam p led - d ata system was an alysed . Also d u r in g the 1 9 5 0 s, the word s quantisatio n an d quantised

ap p eared in the c on trol system s literatu re (Flü gge-L otz an d Taylor, 1 9 5 6 ; B er tram , 1 9 5 8 ) . The n eed to

an alyse the effec ts of q u an tisation on c on trol system s stem m ed from the fac t that c on trollers c ou ld b e

d igitally im p lem en ted . I n d eed , in a typ ic al d igital c on trol sc hem e, q u an tisation arises d u e to the u se of

an alog-to-d igital (A/D ) an d d igital- to-an alog (D /A) c on verters, an d b ec au se the c alc u lation s p erform ed
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b y th e d igital p roc es s or h ave rou n d -off errors .

Th e way in wh ic h q u an tis ation is d ealt with in feed b ac k c on trol s ys tem s h as ex p erien c ed a s tr ik in g

c h an ge in rec en t years . Trad ition ally, q u an tis ation in c on trol s ys tem s was regard ed as an u n d es irab le

p h en om en on . Th e m os t c om m on ap p roac h to d es ign in g a d igital c on troller was to d is regard q u an ti-

s ation in a fi r s t s tage, wh en th e c on troller was d es ign ed . Th e im p ac t of q u an tis ation on th e res u ltin g

p erform an c e was later m itigated b y u tilis in g A/D an d D /A c on verters , an d d igital p roc es s ors , with s u it-

ab ly h igh p rec is ion . N atu rally, h owever, even s m all q u an tis ation errors c an h ave a n egative im p ac t on

ac h ievab le p erform an c e. D ifferen t m eth od s ex is t for es tim atin g th e d eleteriou s effec t of q u an tis ation on

a d igital c on trol s ys tem th at is d es ign ed ign orin g th e p res en c e of q u an tis ation ( B er tram , 1 9 5 8 ; S lau gh -

ter, 1 9 6 4 ; Yak owitz an d Park er, 1 9 7 3 ; G reen an d Tu r n er, 1 9 8 8 ; M iller et al., 1 9 8 8 ; Farrell an d M ic h el,

1 9 8 9 ; M iller et al., 1 9 8 9 ) . Alm os t all of th es e m eth od s regard a q u an tis ed variab le as a p ertu r b ed c op y

of th e u n q u an tis ed variab le. Th e effec t of q u an tis ation on th e res u ltin g p erform an c e is th en an alys ed

u tilis in g a b ou n d on th e p ertu r b ation in trod u c ed b y th e q u an tis er. Th is ap p roac h is well ju s tifi ed wh en

th e req u ired p rec is ion is eas ily ac h ievab le an d th e c os t of th e res u ltin g im p lem en tation is reas on ab le.

A d ifferen t ap p roac h is to regard a q u an tis ed variab le as a p artial ob s ervation of th e u n q u an tis ed

variab le. Th is m ean s th at a q u an tis ed variab le p rovid es in form ation on a ran ge of valu es th at th e u n -

q u an tis ed variab le m ay tak e, rath er th an on e s p ec ifi c valu e. R elevan t work s th at ad d res s q u an tis ation in

th is m an n er in th e c on tex t of feed b ac k c on trol s ys tem s are C u r ry (1 9 7 0 ) an d D elc h am p s ( 1 9 9 0 ) . Th es e

work s h ave p aved th e way for th e m os t rec en t ap p roac h to q u an tis ation , wh ic h c on s is ts in viewin g a

q u an tis er as an information c od e r. Th is n ew ap p roac h h as led to a p arad igm c h an ge regard in g q u an ti-

s ation in a feed b ac k c on trol s ys tem : from u n d es irab le p h en om en on to in tr in s ic an d in es c ap ab le s ys tem

c om p on en t.

I n d eed , in rec en t years , d ifferen t c on trol s c h em es h ave b een p rop os ed an d an alys ed , wh ic h ex p lic itly

ac c ou n t for th e fac t th at c on troller an d p lan t( s ) are c on n ec ted via a c om m u n ic ation c h an n el ( s ee th e s p e-

c ial is s u e An ts ak lis an d B aillieu l, G u es t E d s ., 20 0 4 , an d th e referen c es th erein ) . Th e n ew c h allen ges th at

aris e from th e in trod u c tion of a c om m u n ic ation c h an n el b etween c on troller an d p lan t( s ) are n u m erou s .

Th es e c h allen ges in c lu d e th e n eed to ex p lic itly d eal with variab le tim e d elays , n on u n iform s am p lin g,

lim ited d ata-rate/b an d wid th , d ata los s , an d q u an tis ation .

Th ere h as b een s u b s tan tial res earc h effort d irec ted at variou s as p ec ts of th e ab ove fac tors . S ev-

eral lin es of res earc h ex is t wh ic h ad d res s d ifferen t grou p s of s u c h is s u es . I n p ar tic u lar, n u m erou s

work s ex p lic itly d eal with q u an tis ation wh ile foc u s in g on s tab ilis ation in a n etwork ed c on trol s ettin g.

With in th es e work s , we c an d is tin gu is h b etween th e on es wh ere th e q u an tis ation s trategy is d yn am ic an d

tim e-varyin g (for ex am p le, Won g an d B roc k ett, 1 9 9 9 ; B roc k ett an d L ib er z on , 20 0 0 ; L ib er z on , 20 0 3 a,b ;

L ib er z on an d H es p an h a, 20 0 5 ; N air an d E van s , 20 0 3 , 20 0 4 ; L i an d B aillieu l, 20 0 4 ; Tatik on d a an d M it-

ter, 20 0 4 a,b ; Tatik on d a an d E lia, 20 0 4 ) an d wh ere it is fi x ed an d s tatic (for ex am p le, E lia an d M itter,

20 0 1 ; E lia an d Fraz z oli, 20 0 2; K ao an d Ven k ates h , 20 0 2; Fu an d X ie, 20 0 3 , 20 0 5 ; B aillieu l, 20 0 2; I s h ii
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an d F ran c is , 2 0 0 2 b , 2 0 0 3; Is h ii an d B aş ar , 2 0 0 5 ; G ood win et al., 2 0 0 4 ) .

If th e q u an tis ation s trategy is d yn am ic an d tim e-varyin g, th en q u an tis er s h avin g a fi n ite n u m b er

of levels m ay b e em p loyed to ac h ieve as ym p totic s tab ilis ation . O n th e oth er h an d , if th e q u an tis ation

s trategy is fi x ed an d s tatic , em p loyin g a q u an tis er with a fi n ite n u m b er of levels c an on ly yield loc al

p rac tic al s tab ility. A s ym p totic s tab ility c an b e ac h ieved b y u tilis in g q u an tis er s with a c ou n tab ly in fi n ite

n u m b er of levels , h avin g in c reas in gly h igh er p rec is ion toward s th e origin ( s u c h as logarith m ic q u an tis -

er s ) . Q u an tis er s with a fi n ite n u m b er of levels h ave greater p rac tic al s ign ifi c an c e th an q u an tis er s with

an in fi n ite n u m b er of levels . H owever, th e latter q u an tis er s h ave b een very u s efu l for p rovin g m an y

im p ortan t res u lts in n etwork ed c on trol.

T h rou gh ou t th is th es is , we will regard a q u an tis er as a fi x ed an d s tatic c om p on en t of th e s ys tem an d

will an alys e d ifferen t as p ec ts of q u an tis ation in feed b ac k c on trol s ys tem s . S p ec ifi c ally, we will d eal

with th e followin g two top ic s : (a) q u ad ratic s tab ilis ation b y m ean s of q u an tis ed s tatic feed b ac k an d ( b )

th e d erivation of u ltim ate b ou n d s for p ertu r b ed s ys tem s , es p ec ially wh en th e p ertu r b ation s aris e d u e to

th e u s e of q u an tis er s .

1.1.1 Q u a d r a t ic S t a b ilis a t io n v ia Q u a n t is e d S t a t ic Fe e d b a c k

In Part I of th e th es is , we d eal with q u ad ratic s tab ilis ation of d is c rete-tim e lin ear s ys tem s b y m ean s of

s tatic feed b ac k em p loyin g q u an tis er s . T h e ap p roac h th at we follow is related to th e work of E lia an d

M itter ( 2 0 0 1); E lia an d F raz z oli ( 2 0 0 2 ) ; E lia ( 2 0 0 2 ) ; K ao an d Ven k ates h ( 2 0 0 2 ) ; F u an d X ie ( 2 0 0 3,

2 0 0 5 ) . E lia an d M itter ( 2 0 0 1) in trod u c e a m eas u re of d en s ity of q u an tis ation . In tu itively, th e d en s ity

of a q u an tis er is lower th an th at of an oth er q u an tis er if th e valu es of th e form er are m ore s ep arated

th an th os e of th e latter. In th is s en s e, a q u an tis er c an b e regard ed as b ein g m ore effi c ien t in th e u s e

of its q u an tis ation levels if its d en s ity is lower. In th is c on tex t, an im p ortan t q u es tion th at is p os ed

an d an s wered in E lia an d M itter ( 2 0 0 1) is : for a lin ear s in gle-in p u t s ys tem , wh at is th e m os t effi c ien t

q u an tis er over all q u ad ratic ally s tab ilis in g q u an tis er s ?

T h e in teres tin g res u lts of E lia an d M itter ( 2 0 0 1) ap p ly on ly to s in gle-in p u t s ys tem s . G en eralis in g

th es e res u lts to m u ltip le- in p u t s ys tem s is rec ogn is ed as an ex trem ely d iffi c u lt tas k . In d eed , for m u ltip le-

in p u t s ys tem s , th e q u an tis ation d en s ity p rob lem in trod u c ed in E lia an d M itter ( 2 0 0 1) s till rem ain s largely

op en . E lia an d F raz z oli ( 2 0 0 2 ) an d E lia ( 2 0 0 2 ) p rovid e lower b ou n d s on th e in fi m u m q u an tis ation

d en s ity for two-in p u t s ys tem s . K ao an d Ven k ates h ( 2 0 0 2 ) an alys e d ifferen t q u an tis ation s c h em es an d

th eir d en s ities for lin ear m u ltip le- in p u t s ys tem s . H owever, ex p lic it d es ign of a m u ltivariab le q u an tis er

with fi n ite ( th ou gh n ot n ec es s arily in fi m u m ) q u an tis ation d en s ity is p er form ed on ly wh en q u ad ratic

s tab ilis ation is p os s ib le th rou gh th e u s e of a two-d im en s ion al s u b s p ac e of th e in p u t s p ac e.

T h e work s of F u an d X ie ( 2 0 0 3, 2 0 0 5 ) em p loy a c om p letely d ifferen t ap p roac h to d eal with th e

op tim is ation of q u an tis ation d en s ity. T h es e au th ors m od el a logarith m ic q u an tis er as a n on lin earity
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b ou n d ed b y a s ec tor. Th e s ys tem is th en regard ed as an u n c er tain s ys tem with s ec tor- b ou n d u n c er tain ty

an d th e p rob lem is p os ed as a rob u s t c on trol p rob lem . Th eir m ain fi n d in g is th at, for s in gle-in p u t

s ys tem s , th is ap p roac h is n ot c on s ervative. Th at is , th e res u lts of E lia an d M itter ( 2 0 0 1 ) c an b e rec overed

b y m ean s of th is ap p roac h . To d eal with m u ltip le- in p u t s ys tem s , Fu an d X ie u tilis e in d ep en d en t s c alar

q u an tis er s for eac h in p u t s ign al. In d ep en d en tly q u an tis in g th e d ifferen t in p u t s ign als , h owever, lead s to

d es ign s with in fi n ite q u an tis ation d en s ity.

O u r c on tr ib u tion to th is p rob lem will b e to give s everal n ew res u lts related to q u ad ratic s tab ilis ation

of s in gle- an d m u ltip le- in p u t s ys tem s an d to q u an tis ation d en s ity. Th es e res u lts are p res en ted in Part I

of th e th es is an d in c lu d e th e d erivation of th e s tr u c tu re of op tim al q u an tis er s an d th e ex p lic it d es ign

of m u ltivariab le q u an tis er s with fi n ite d en s ity th at are ab le to q u ad ratic ally s tab ilis e s ys tem s h avin g an

arb itrary n u m b er of in p u ts .

1.1.2 C o m p o n e n t w is e U lt im a t e B o u n d s fo r Pe r t u r b e d S y s t e m s

In Part II of th e th es is , we d eal with th e d erivation of c om p on en twis e u ltim ate b ou n d s for c on tin u ou s -

tim e, d is c rete-tim e an d s am p led - d ata p ertu r b ed s ys tem s , es p ec ially wh en th e p ertu r b ation s aris e d u e to

th e u s e of q u an tis er s .

Q u an tis ation in d igital c on trol s ys tem s aris es d u e to th e u s e of A /D , D /A an d d igital p roc es s ors with

fi n ite p rec is ion . S in c e a d igital c on trol s ys tem is u s u ally d es ign ed ign orin g th e p res en c e of q u an tis ation ,

it is n ec es s ary to es tim ate th e effec t th at q u an tis ation h as on th e res u ltin g p rac tic al im p lem en tation . Th is

effec t c an b e q u an tifi ed b y m ean s of b ou n d s on th e d ifferen c e b etween th e d es ired an d th e ac tu al s ys tem

b eh aviou r. In p ar tic u lar, it is of in teres t to ob tain u ltim ate b ou n d s on th e s ys tem variab les ( Y ak owitz an d

Park er, 1 9 7 3 ; G reen an d Tu r n er, 1 9 8 8 ; M iller et al., 1 9 8 8 ; Farrell an d M ic h el, 1 9 8 9 ; M iller et al., 1 9 8 9 ) .

M ore rec en tly, m otivated b y n etwork ed c on trol s ys tem s , s everal c on trol s c h em es h ave b een c on s id -

ered th at in volve s tatic m em oryles s q u an tis er s ( s ee for ex am p le, E lia an d M itter, 2 0 0 1 ; Is h ii an d Fran c is ,

2 0 0 2 b , 2 0 0 3 ; Is h ii et al., 2 0 0 4; Is h ii an d B aş ar , 2 0 0 5 ; Fu an d H ara, 2 0 0 5 ) . M os t of th es e work s d eal with

th e d es ign of q u an tis ed c on trol s trategies to ac h ieve d ifferen t ob jec tives , an d u tilis e all th e in form ation

p rovid ed b y a q u an tis ed variab le. H owever, s om e as p ec ts of th e res u ltin g s c h em es c an als o b e an alys ed

b y regard in g a q u an tis ed variab le as a p ertu r b ed c op y of th e c orres p on d in g u n q u an tis ed variab le. In

p ar tic u lar, u ltim ate b ou n d s on th e s ys tem variab les m ay b e ob tain ed in th is m an n er wh en as ym p totic

s tab ility is n ot p os s ib le.

R egard in g a q u an tis ed variab le as a p ertu r b ed c op y of th e u n q u an tis ed variab le tu r n s a q u an tis ed c on -

trol s ys tem in to a p ertu r b ed s ys tem . Th e m os t gen eral an d p owerfu l tool to an alys e u ltim ate b ou n d s in

p er tu r b ed s ys tem s is th e u s e of Lyap u n ov fu n c tion s ( s ee, for ex am p le, Kh alil, 2 0 0 2 ) . Th is ap p roac h h as

th e in h eren t d iffi c u lty of fi n d in g a s u itab le Lyap u n ov fu n c tion . For lin ear s ys tem s , h owever, q u ad ratic

Lyap u n ov fu n c tion s c an b e eas ily c om p u ted . Kofm an ( 2 0 0 5 ) p rop os es a d ifferen t m eth od to es tim ate
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u ltim ate b ou n d s for lin ear c on tin u ou s - tim e p ertu r b ed s ys tem s with c on s tan t p er tu r b ation b ou n d s . T h e

m eth od is b as ed on th e an alys is of th e s ys tem in m od al c oord in ates an d gives c om p on en twis e u ltim ate

b ou n d s on th e s ys tem s tate. An ex am p le is given wh ere th e s u gges ted m eth od yield s u ltim ate b ou n d s

th at are s u b s tan tially tigh ter th an th os e d erived b y m ean s of q u ad ratic Lyap u n ov fu n c tion s . T h e m eth od

of Kofm an c an b e regard ed as th e c on tin u ou s - tim e c ou n ter p art to th e earlier m eth od of Yak owitz an d

Park er (19 7 3 ) .

In Part II of th e th es is , we will b r in g togeth er th e ab ove earlier id eas an d m ore rec en t work . In

p ar tic u lar, m otivated b y th e res u lts of Yak owitz an d Park er (19 7 3 ) an d Kofm an (20 0 5), we d evelop

s ys tem atic m eth od s to ob tain c om p on en twis e u ltim ate b ou n d s in c on tin u ou s - tim e, d is c rete-tim e an d

s am p led - d ata p ertu r b ed s ys tem s , es p ec ially wh en th e p ertu r b ation s aris e d u e to th e u s e of q u an tis er s .

We allow for d ifferen t typ es of q u an tis er s : u n iform , logarith m ic an d s em itr u n c ated logarith m ic . O u r

d evelop m en ts req u ire s everal ex ten s ion s of th e m eth od s of Yak owitz an d Park er an d Kofm an . We als o

s h ow h ow ou r m eth od s c an b e ap p lied to a c las s of n on lin ear s ys tem s . T h e m ain featu res of ou r m eth od s

are th eir s ys tem atic n atu re an d th eir fl ex ib ility in d ealin g with h igh ly s tr u c tu red p ertu r b ation s c h em es .

T h is latter featu re allows u s to d eal with s ys tem s in volvin g m an y d ifferen t q u an tis er s in th e s am e s ettin g.

1.2 T h e s is O v e r v ie w

T h e c on ten ts of th e th es is are p res en ted in 6 c ore c h ap ters , wh ic h h ave b een organ is ed in to two p arts :

th e fi r s t p ar t d eals with s tab ilis ation b y m ean s of q u an tis er s , an d th e s ec on d p art ad d res s es th e d erivation

of u ltim ate b ou n d s in th e p res en c e of q u an tis ation . A fi n al c h ap ter p res en ts a s u m m ary an d c on c lu s ion s .

Part I ( C h ap ters 2 to 5) ad d res s es q u an tis ation d en s ity in th e c on tex t of q u ad ratic s tab ilis ation of

d is c rete-tim e s ys tem s b y m ean s of s tatic feed b ac k u tilis in g q u an tis er s . T h e work s m os t related to th is

p ar t of th e th es is are E lia an d M itter (20 0 1); E lia an d F raz z oli (20 0 2); E lia (20 0 2); Kao an d Ven k ates h

(20 0 2); F u an d X ie (20 0 3 , 20 0 5). A m ore d etailed d es c r ip tion of th e variou s c h ap ters follows .

In C h ap ter 2, we fi rs t b r iefl y review q u ad ratic s tab ilis ation of lin ear d is c rete-tim e s ys tem s an d th en

foc u s on q u an tis ation d en s ity in th e c on tex t of m u ltip le- in p u t s ys tem s . We gen eralis e th e d efi n ition

of q u an tis ation d en s ity of E lia an d M itter (20 0 1) to m u ltip le- in p u t s ys tem s an d d er ive s everal n ew

res u lts regard in g q u an tis ation d en s ity. We als o p os e th e p rob lem of op tim is in g q u an tis ation d en s ity

over all q u an tis er s th at q u ad ratic ally s tab ilis e a given m u ltip le- in p u t s ys tem an d d er ive an im p ortan t

res u lt th at reveals th e s tr u c tu re of a q u an tis er th at op tim is es d en s ity. T h e d ifferen t res u lts of th is c h ap ter

are em p loyed in th e rem ain in g c h ap ters of Part I of th e th es is .

In C h ap ter 3 , we foc u s on th e c h arac teris ation of q u an tis er s th at q u ad ratic ally s tab ilis e a given

m u ltip le- in p u t s ys tem . As a fi r s t s tep toward th is c h arac teris ation , we c on s id er q u an tis er s h avin g a

form th at c an b e in ter p reted as th e s im p les t p os s ib le in s om e ap p rop r iate s en s e. We d erive n ec es s ary

an d s u ffi c ien t c on d ition s for th es e q u an tis er s to q u ad ratic ally s tab ilis e a s ys tem , an d we d o th is b y
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m ean s of ex p lic it geom etr ic c on s id eration s . We th u s d evelop a n ovel geom etr ic ap p roac h to q u ad ratic

s tab ilis ation of m u ltip le- in p u t s ys tem s b y m ean s of q u an tis er s . T h e geom etr ic ap p roac h d erived in th is

c h ap ter will p rovid e th e fram ework for res u lts d er ived in s u b s eq u en t c h ap ters . We als o em p loy th is

geom etr ic ap p roac h to d es ign q u an tis er s with fi n ite d en s ity th at c an s tab ilis e m u ltip le- in p u t s ys tem s

h avin g an arb itrary n u m b er of in p u ts .

I n C h ap ter 4 , we d eal with s in gle-in p u t s ys tem s . For th es e s ys tem s , we en h an c e th e geom etr ic ap -

p roac h of C h ap ter 3 to ex p lore q u an tis er c oars en es s f rom a s tate-s p ac e s tan d p oin t, as op p os ed to th e

s tan d ard in p u t- s p ac e-b as ed c on c ep t of q u an tis ation d en s ity. We in trod u c e a n ovel typ e of q u an tis er s ,

n am ely C AQ S ( C oars e-Alm os t- Q u ad ratic ally-S tab ilis in g) q u an tis er s , an d an alys e th e relation s h ip s b e-

tween C AQ S q u an tis er s an d q u an tis er s th at m in im is e q u an tis ation d en s ity in th e s tan d ard s en s e. We

als o s h ow h ow to d irec tly u tilis e C AQ S q u an tis er s to d es ign s tatic ou tp u t feed b ac k s trategies th at em -

p loy q u an tis er s of in fi m u m d en s ity. We c on c lu d e th is c h ap ter b y s h owin g h ow to rec over a well- k n own

res u lt on in fi m u m q u an tis ation d en s ity b y m ean s of ou r ap p roac h .

I n C h ap ter 5 , we s olve a s p ec ial c as e of in fi m u m q u an tis ation d en s ity p rob lem for m u ltip le- in p u t

s ys tem s . S p ec ifi c ally, we d erive th e in fi m u m d en s ity over all q u an tis er s th at q u ad ratic ally s tab ilis e th e

s ys tem an d h ave levels in a on e-d im en s ion al s u b s p ac e of th e in p u t s p ac e. We als o s h ow th at ou r res u lt

c on fl ic ts with a p reviou s ly p u b lis h ed res u lt, an d we p rovid e a c ou n terex am p le to th e latter res u lt.

Part I I ( C h ap ters 6 an d 7 ) ad d res s es th e d erivation of u ltim ate b ou n d s in s ys tem s in volvin g q u an tis a-

tion . T h rou gh ou t th is p ar t, a q u an tis ed variab le will b e regard ed as a p ertu r b ed c op y of th e c orres p on d in g

u n q u an tis ed variab le.

I n C h ap ter 6, we d erive c om p on en twis e u ltim ate b ou n d ex p res s ion s for d is c rete-tim e an d s am p led -

d ata p ertu r b ed s ys tem s , es p ec ially wh en th e p ertu r b ation s aris e d u e to q u an tis ation . A very im p ortan t

featu re of ou r res u lts is th at th ey c an d irec tly ac c om m od ate feed b ac k s c h em es wh ere q u an tis er s of

d ifferen t c h arac teris tic s an d /or typ es affec t d ifferen t s ign als in th e s am e s ys tem . We d em on s trate th e

ap p lic ab ility an d p oten tial of th e m eth od b y m ean s of an ex am p le tak en f rom rec en t literatu re on th e

top ic of c on trol over c om m u n ic ation n etwork s .

I n C h ap ter 7 , we ex ten d th e res u lts of C h ap ter 6 to d eal with p er tu r b ed s ys tem s wh ere th e p ertu r b a-

tion b ou n d s h ave m ore gen eral form s . I n th is c as e, we foc u s on c on tin u ou s - an d d is c rete-tim e p ertu r b ed

s ys tem s . S in c e th e p ertu r b ation s are allowed to b e b ou n d ed b y s tate-d ep en d en t f u n c tion s , th e m eth od

c an th en b e ap p lied to n on lin ear s ys tem s b y regard in g th em as p ertu r b ed lin ear s ys tem s .

I n C h ap ter 8 , we s u m m ar iz e an d give s u gges tion s for f u tu re work .

1.3 T h e s is C o n t r ib u t io n s

T h e m ain c on tr ib u tion s of th e th es is are b elieved to b e:
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Chapter 2 . We d erive an ex p res s ion for th e q u an tis ation d en s ity of m u ltivariab le q u an tis er s h avin g ra-

d ially logarith m ic ally s p ac ed levels ( T h eorem 2 .12 ) . We es tab lis h th e in varian c e of th e d en s ity of

a q u an tis er u n d er a lin ear on e-to-on e tran s form ation ( L em m a 2 .15 ) . We als o d erive res u lts ( T h e-

orem 2 .17 an d T h eorem 2 .19 ) th at p rovid e in s igh t in to th e s tr u c tu re of q u an tis er s th at op tim is e

d en s ity for a m u ltip le- in p u t s ys tem .

Chapter 3 . We give a geom etr ic in ter p retation to th e fac t th at a q u an tis er q u ad ratic ally s tab ilis es th e

s ys tem . We d erive n ec es s ary an d s u ffi c ien t c on d ition s for a q u an tis ed feed b ac k h avin g levels in

a m in im u m - d im en s ion al s u b s p ac e to q u ad ratic ally s tab ilis e a given m u ltip le- in p u t s ys tem ( T h e-

orem 3.14 an d T h eorem 3.17). We als o ex p lic itly d es ign q u an tis er s h avin g fi n ite q u an tis ation

d en s ity th at are ab le to q u ad ratic ally s tab ilis e a s ys tem h avin g an arb itrary n u m b er of in p u ts ( T h e-

orem 3.2 2 ) .

Chapter 4 . For s in gle-in p u t s ys tem s , we ex p lore q u an tis er c oars en es s from a s tate-s p ac e s tan d p oin t.

We in trod u c e an d c h arac teris e C AQ S q u an tis er s ( T h eorem 4 .16) an d an alys e th e c on n ec tion s

b etween th is s tate-s p ac e ap p roac h an d th e s tan d ard in p u t- s p ac e-b as ed q u an tis ation d en s ity (T h e-

orem s 4 .19 , 4 .2 1, 4 .2 2 an d 4 .2 3). We als o s h ow h ow to d irec tly u tilis e C AQ S q u an tis er s to d es ign

s tatic ou tp u t feed b ac k s trategies th at em p loy in fi m u m d en s ity q u an tis er s ( T h eorem 4 .2 0 ) .

Chapter 5 . We d erive a n ew res u lt on in fi m u m q u an tis ation d en s ity for m u ltip le- in p u t s ys tem s , op ti-

m is in g over th e c las s of q u an tis er s th at h ave levels in a on e-d im en s ion al s u b s p ac e of th e in p u t

s p ac e (T h eorem 5 .3). We als o s h ow th at ou r res u lt p ar tially rep lac es an in c orrec t in ter m ed iate

res u lt in E lia an d Fraz z oli ( 2 0 0 2 ) .

Chapter 6 . We d erive u ltim ate b ou n d ex p res s ion s for p ertu r b ed d is c rete-tim e s ys tem s ( T h eorem 6.5 )

an d s am p led - d ata s ys tem s ( T h eorem 6.8 an d L em m a 6.9 ) . T h es e ex p res s ion s are b elieved to b e

n ovel. A key featu re th at d is tin gu is h es th es e res u lts from oth er u ltim ate-b ou n d d er ivation m eth -

od s is th e p artic u lar c om p on en twis e form of th e p ertu r b ation b ou n d [ s ee (6.36)] . T h is form for

th e p ertu r b ation b ou n d is p ar tic u lar ly well- s u ited to th e an alys is of s c h em es wh ere d ifferen t c om -

b in ation s of u n iform , logarith m ic an d s em itr u n c ated logarith m ic q u an tis er s are s im u ltan eou s ly

em p loyed on th e s am e s ys tem .

Chapter 7 . We ex ten d th e res u lts of C h ap ter 6 to p ertu r b ed s ys tem s with m ore gen eral c om p on en twis e

p ertu r b ation b ou n d s . T h is ex ten s ion allows u s to d erive u ltim ate b ou n d s for a c las s of n on lin ear

s ys tem s b y regard in g th em as p ertu r b ed lin ear s ys tem s , with p er tu r b ation b ou n d s th at m ay d ep en d

on th e s ys tem s tate. We p rovid e s ys tem atic m eth od s for th e d erivation of u ltim ate b ou n d s ( T h e-

orem 7.4 for c on tin u ou s - tim e s ys tem s an d T h eorem 7.8 for d is c rete-tim e s ys tem s ) , join tly with

a region of attrac tion to th e u ltim ate b ou n d (Algorith m 1 an d T h eorem 7.5 for c on tin u ou s - tim e

s ys tem s , an d T h eorem 7.9 for d is c rete-tim e s ys tem s ) .
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1.4 A s s o c ia t e d P u b lic a t io n s a n d R e la t e d Wo r k

M os t of th e res u lts p res en ted in th is th es is h a ve b een p u b lis h ed b y th e a u th or in jou r n a l a n d c on feren c e

p a p er s . Th e followin g lis t d eta ils th e releva n t p u b lic a tion s :

Jo u r n a l Pa p e r s

• H . H a im ovic h , M . M . S eron a n d G . C . G ood win . G eom etr ic C h a r a c ter iz a tion of M u ltiva r ia b le

Q u a d r a tic a lly S ta b iliz in g Q u a n tiz er s . International Jou rnal of Control, 7 9 (8):84 5 -85 7 , 2 0 0 6 .

• E . Kofm a n , H . H a im ovic h a n d M . M . S eron . A S y s tem a tic M eth od to O b ta in U ltim a te B ou n d s

for P ertu r b ed S y s tem s . International Jou rnal of Control, 2 0 0 6 . I n p res s .

C o n f e r e n c e Pa p e r s

• H . H a im ovic h a n d M . M . S eron . O n in fi m u m q u a n tiz a tion d en s ity for m u ltip le- in p u t s y s tem s . I n

P roc . 4 4 th IE E E Conf. on D ec is ion and Control, S ev ille, S p ain, p p . 7 6 9 2 - 7 6 9 7 , 2 0 0 5 .

• H . H a im ovic h . S ta b iliz in g s ta tic ou tp u t feed b a c k via c oa r s es t q u a n tiz er s . I n 1 6 th IF AC World

Cong res s , P rag u e, Cz ec h R ep u b lic , 2 0 0 5 .

O th er rela ted work s p u b lis h ed b y th e a u th or d u r in g h is P h .D . s tu d ies a re:

B o o k C h a p t e r s

• T. P erez a n d H . H a im ovic h . O u tp u t F eed b a c k O p tim a l C on trol with C on s tr a in ts . I n G . C . G ood -

win , M . M . S eron a n d J . A. D e D on á , Cons trained Control and E s tim ation: An O p tim is ation

Ap p roac h, S p r in g er- V er la g , L on d on , 2 0 0 5 , C h a p ter 1 2 .

• J . Wels h , H . H a im ovic h a n d D . Q u eved o. C on trol over C om m u n ic a tion N etwork s . I n G . C .

G ood win , M . M . S eron a n d J . A. D e D on á , Cons trained Control and E s tim ation: An O p tim is ation

Ap p roac h, S p r in g er- V er la g , L on d on , 2 0 0 5 , C h a p ter 1 6 .

Jo u r n a l Pa p e r s

• G . C . G ood win , H . H a im ovic h , D . E . Q u eved o a n d J . S . Wels h . A m ovin g h oriz on a p p roa c h to

n etwork ed c on trol s y s tem d es ig n . IE E E Trans . on Au tom atic Control, 4 9 ( 9 ) :1 4 2 7 - 1 4 4 5 , 2 0 0 4 .

• T. P erez , H . H a im ovic h a n d G . C . G ood win . O n op tim a l c on trol of c on s tr a in ed lin ea r s y s tem s

with im p er fec t s ta te in form a tion a n d s toc h a s tic d is tu r b a n c es . International Jou rnal of R ob u s t and

N onlinear Control, 1 4 :3 7 9 - 3 9 3 , 2 0 0 4 .
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Conferenc e Pa p ers

• H . H a im o vic h , G . C . G o o d w in a n d J . S . Wels h . S et-va lu ed o b s ervers f o r C o n s tr a in ed S ta te E s -

tim a tio n o f D is c rete-tim e S y s tem s w ith Q u a n tiz ed M ea s u rem en ts . I n Pro c . 5 th As ia n C o n tro l

C o n fe re n c e , M elb o u r n e, Au s tr a lia , p p . 1947 -195 5 , 2 0 0 4.

• H . H a im o vic h , G . C . G o o d w in a n d D . E . Q u eved o . M o vin g h o r iz o n M o n te C a r lo s ta te es tim a tio n

f o r lin ea r s y s tem s w ith o u tp u t q u a n tiz a tio n . I n Pro c . 42 n d I E E E C o n f. o n D e c is io n a n d C o n tro l,

M a u i, H I , U S A, p p . 48 5 9-48 6 4, 2 0 0 3 .

• H . H a im o vic h , T. P erez a n d G . C . G o o d w in . O n o p tim a lity a n d c er ta in ty eq u iva len c e in o u tp u t

feed b a c k c o n tr o l o f c o n s tr a in ed u n c er ta in lin ea r s y s tem s . I n Pro c . E u ro p e a n C o n tro l C o n fe re n c e ,

C a m b r id g e, U K , 2 0 0 3 .

• H . H a im o vic h , M . M . S er o n , G . C . G o o d w in a n d J . C . Ag ü ero . A n eu r a l a p p r o x im a tio n to th e

ex p lic it s o lu tio n o f c o n s tr a in ed lin ea r M P C . I n Pro c . E u ro p e a n C o n tro l C o n fe re n c e , C a m b r id g e,

U K , 2 0 0 3 .

Confi d entia l R ep orts for I nd u s try

• J .S . Wels h , G .C . G o o d w in , H . H a im o vic h , H . Tid efelt, A. R o s en a n d R .H . M id d leto n , ‘Ad a p tiv e

Po w e rtra in C o n tro l: R e p o rt 4 - Fin a l R e p o rt’ , R ep o r t f o r G en era l M o to r s , U S A, J a n u a r y , 2 0 0 4.

• A. R o s en , G .C . G o o d w in , J .S . Wels h , R .H . M id d leto n a n d H . H a im o vic h , ‘Ad a p tiv e Po w e rtra in

C o n tro l: I n te rim R e p o rt N o . 5 ’ , R ep o r t f o r G en era l M o to r s , U S A, D ec em b er, 2 0 0 3 .

• H . Tid efelt, G .C . G o o d w in , J .S . Wels h , R .H . M id d leto n a n d H . H a im o vic h , ‘Ad a p tiv e Po w e rtra in

C o n tro l: I n te rim R e p o rt N o . 4’ , R ep o r t f o r G en era l M o to r s , U S A, O c to b er, 2 0 0 3 .

• J .S . Wels h , H . H a im o vic h , G .C . G o o d w in , R .H . M id d leto n a n d J .A. D e D o n a , ‘Ad a p tiv e Po w e r-

tra in C o n tro l: I n te rim R e p o rt N o . 3’ , R ep o r t f o r G en era l M o to r s , U S A, J u ly , 2 0 0 3 .

• J .S . Wels h , H . H a im o vic h , G .C . G o o d w in , R .H . M id d leto n a n d J .A. D e D o n a , ‘Ad a p tiv e Po w e r-

tra in C o n tro l: I n te rim R e p o rt N o . 2 ’ , R ep o r t f o r G en era l M o to r s , U S A, J u n e, 2 0 0 3 .

• J .S . Wels h , H . H a im o vic h , G .C . G o o d w in , R .H . M id d leto n a n d J .A. D e D o n a , ‘Ad a p tiv e Po w e r-

tra in C o n tro l: I n te rim R e p o rt N o . 1 ’ , R ep o r t f o r G en era l M o to r s , U S A, M a y , 2 0 0 3 .

• J .S . Wels h , H . H a im o vic h , G .C . G o o d w in , R .H . M id d leto n a n d J .A. D e D o n a , ‘Ad a p tiv e Po w e r-

tra in C o n tro l: R e p o rt 3 - S y s te m I d e n tifi c a tio n fo r Au to m o tiv e Po w e rtra in C o n tro l’ , R ep o r t f o r

G en era l M o to r s , U S A, M a r c h , 2 0 0 3 .



10 In tr o d u c tio n

• J .S . We ls h , H . H a im o vic h , G .C . G o o d w in , R .H . M id d le to n , J .C . A g ü e r o , J .A . D e D o n a a n d M .M .

S e r o n , ‘Adaptive Po w er tr ain C o n tr o l R epo r t N o .2 a’ , R e p o r t f o r G e n e r a l M o to r s , U S A , N o ve m b e r,

2 002 .


